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We study the electromagnetic vertex function of a neutrino that propagates in an electron back- 
ground in the presence of a static magnetic field. The structure of the vertex function under the 
stated conditions is determined and it is written down in terms of a minimal and complete set of 
tensors. The one-loop expressions for all the form factors is given, up to terms that are linear in 
the magnetic field, and the approximate integral formulas that hold in the long wavelength limit are 
obtained. We discuss the physical interpretation of some of the form factors and their relation with 
the concept of the neutrino induced charge. The neutrino acquires a longitudinal and a transverse 
charge, due to the fact that the form factors depend on the transverse and longitudinal compo- 
nents of the photon momentum independently. We compute those form factors explicitly in various 
limiting cases and find that the longitudinal and transverse charge are the same for the case of a 
non-relativistic electron gas, but not otherwise. 

I. INTRODUCTION AND SUMMARY 

In the study of the electromagnetic properties of neutrinos in a medium, the two quantities of particular interest 
are the neutrino self-energy in the presence of an external magnetic field, and the neutrino electromagnetic vertex 
function. The former quantity determines the neutrino dispersion relation as it propagates in a magnetized medium, 
while the latter determines the relevant couplings in the calculation of the neutrino electromagnetic processes that 
occur in the medium, such as plasmon decay and Chcrcnkov radiation, among others. The electromagnetic couplings 
of the neutrino can be viewed in terms of effective dipole moments and an electric charge induced by the medium 
0. Although such identifications reveal some of the properties of the neutrino, both the intrinsic ones as well as 
those that result from its interaction with matter, for the practical calculation of the transition rates of the various 
processes the full electromagnetic vertex function is needed. Since the original calculations of those quantities more 
than a decade ago B , [j , B , s ome of their possible physical effects have been considered over the last few years 
[sll^ Isll^ Hol llll Il2l llsTIl^ lisll . In addition, the calculations have been improved and refined using a variety of 
methods and techniaues |l6lll^ll8llT9l |. 

Recently, there has been interest on another closely related quantity, namely the electromagnetic couplings of the 
neutrino when it propagates in a medium in the presence of a magnetic field. The main issue is here is to determine 
how the neutrino electromagnetic processes that take place in a medium, but in the absence of a magnetic field, 
are modified when a magnetic field is present. From a technical point of view, the relevant quantity is the neutrino 
electromagnetic vertex function, which must be calculated taking the presence of the magnetic field into account. 

This problem has been approached from two points of view. On one hand, the vertex function has been calculated 
taking the magnetic field into account, but neglecting the effects of the matter medium |23- On the other hand, 
the effect of both the magnetic field and the medium have been taken into account , but only for calculating the 
coupling that was identified as the induced neutrino charge, and not for the calculation of the full vertex function. 
Thus there does not exist a complete calculation of the full vertex function that takes into account the simultaneous 
presence of the magnetic field and the background medium. 

In the this work we have taken precisely this problem. Our goal is to calculate the complete one-loop electromagnetic 
vertex function, including the effects of the medium and the linear terms in the magnetic field. To this end, we 
determine the most general form of the neutrino vertex function in the physical environment and under the conditions 
that we are considering. The vertex function is written in terms of a complete and minimal set of tensors, that are 
consistent with the requirements that follow from the chiral nature of the neutrino interactions and electromagnetic 
gauge invariance. Such a decomposition is generally useful in its own right, and it is also a useful reference point for 
the actual computation of the vertex function. Thus, we give the formulas for all the corresponding form factors in 
terms of momentum integrals over the background electron distribution functions. For arbitrary values of the photon 
momentum and/or general distributions functions the integrals are normally not doable, but they can be evaluated 
for various limiting cases and approximations that correspond to realistic situations. A particularly useful one that 
we consider is the so-called long wavelength limit, which is valid when the photon energy and momentum are smaller 
than the typical energy of an electron in the gas. In this limit the integrals that appear in the formulas for the form 
factors simplify but yet they remain valid for general forms of the momentum distributions, and for a wide range 



2 



of values of the photon energy and momentum subject only to the restriction stated above. The simplified integral 
expressions so obtained can be used to compute explicitly the form factors for different kinematical regimes, such as 
the static limit (taking the photon energy to zero), and for various conditions of the background such as the classical 
or degenerate gas. 

We observe that, apart from the photon energy, the form factors depend separately on the perpendicular and parallel 
components of the photon momentum. That is to say, if we denote those three quantities by to, Q±, Q\\ respectively, 
the form factors depend on those three variables and not just on ui and = Q\ + (5| as it is the case in the absence 
of the magnetic field. A consequence of this is that, in contrast to the latter case, there is no unique meaning to 
the concept of the induced neutrino charge, or in fact any other electromagnetic moment, when the magnetic field 
is non-zero. Briefly, the reason is that the zero (photon) momentum limit of the static form factors (i.e., evaluated 
for w = 0) can be taken in two different ways, according to whether we set Qj. = first and Qn — > afterwards 
or the other way around. If we insist on identifying a quantity such as the induced charge by looking at the static 
vertex function in the zero (photon) momentum limit, we are thus forced to define two different quantities, which 

in the specific case of the neutrino induced charge we denote by e!l and . We stress that the form factors have a 
different value in the two limits, and this is not a mathematical ambiguity but actually a reflection of the fact that, in 
the presence of the magnetic field, the two ways of taking the zero momentum limit correspond to different physical 
situations. As an illustration, and to further clarify some of these issues, we compute explicitly the form factors that 
are related to eE and e-^ . As we show, e!i and e-^ have the same value for the case of a non-relativistic electron gas, 
but they are given by different formulas otherwise. In order to establish contact with previous calculations plj . the 

quantity calculated there is identified with what we call eli. However, some differences in the results are found and 
are noted. 

In what follows we present the details of the calculations, divided as follows. An essential ingredient is the linearized 
form of the thermal propagator for an electron in a magnetic field. In Section^ the linearized form is obtained from 
the Schwinger formula for the electron propagator, generalized to include the effects of the background medium, and 
approximating it up to terms that are linear in the magnetic field. In Section IlIII the linearized propagator is used 
to obtain the one-loop formula for the neutrino electromagnetic vertex up to terms that are linear in the magnetic 
field. In Section llVI we determine the structure of the vertex function and decompose it in terms of a minimal set of 
tensors. The end result of this procedure is a set of formulas for the corresponding form factors, expressed as integrals 
over the momentum distribution functions of the electrons in the medium. In Section [V] the approximate formulas 
that are valid in the long wavelength limit are derived first, and they are then used to evaluate explicitly the form 
factors that are related to ell and e-^ for various specific cases. Section contains our conclusions. In addition there 
are two appendices. The general decomposition of the vertex function is guided by several requirements, such as the 
transversality condition which of course is a general consequence of the electromagnetic gauge invariance. However, 
it is neither obvious to see nor trivial to prove, that the one-loop expression for the vertex function satisfies the 
transversality condition. The proof that it in fact does so is supplied in those appendices. 



In the notation of Ref. |22| . the Schwinger propagator for the electron in a magnetic field can be written in the 
form 



and the exact formulas for G{p, s) and $(p, s) are given in Eq. (3.4) of that reference. The linear approximation that 
we propose to use consists in retaining up to terms that are linear in B. To this order. 



II. THE LINEARIZED ELECTRON PROPAGATOR 




(2.1) 



where the variable s is defined by 



s ~ \e\BT , 



(2.2) 



G = i) + m + iT\e\BGB , 



(2.3) 



where 



Gb = 75 [[p ■ b)i - {p ■ u)p + ni^p] , 



(2.4) 
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so that 

Sf ^ So + Sb , (2.5) 

where 

^ + m 



iSo — i 



9 9 



tSB = r-9 ^Tldel^Gs). (2.6) 

The vector m'' that appears in Eq. (|2.4|) is the velocity four-vector of the medium which, in the frame of reference in 
which the medium is at rest, takes the form 

u'' = (l,0). (2.7) 
We have also introduced the vector which is such that, in that frame, 

6'^ = (0,6), (2.8) 

where the magnetic field is given by 

B = Bb. (2.9) 

The thermal electron propagator which, in addition to the magnetic field, incorporates the effect of the electron 
background, is given by 

Se=SF-[SF~SF]Ve, (2.10) 

where 

7?e(p • U) = e{p ■ u)Mp ■ U) + 0{~p ■ u)U-p ■ U) , (2.11) 

with 

" e/3(:r-M.) + 1 

/^-(-) = ^m^i ■ (2.12) 

Here P stands for the inverse temperature and fie the electron chemical potential. Using Eqs. I|2.5|l . H2.6|l . (|2.4(l . the 
complete propagator can be expressed as 

Se = So + SB + ST + Stb , (2.13) 

where 

iSr = —2n5{p'^ — m'^)rie{'^ + m) 

iStb = -2t:5\p' -m^)i^e{\e\BGB), (2.14) 

where Gs is given in Eq. 1)2. 4|l and the notation 5' denotes the derivative of the delta function with respect to its 
argument. 

Although we will not give the details here, it is reassuring to mention that when this linearized propagator is used 
to compute the self-energy diagrams for the neutrino in an electron gas, the usual expression for the magnetic field 
contribution to the neutrino dispersion relation, or equivalently the index refraction, is reproduced. 

III. CALCULATION OF THE VERTEX FUNCTION 

The off-shell neutrino electromagnetic vertex function F'' is defined such that the matrix element of the electro- 
magnetic current between neutrino states with momenta k and k' is given by 

{k'\j^,mk)=u{k')T^u{k). (3.1) 
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W{p - k) 




q = k' -k 



q — k' — k 



e{p + q) 



(b) 




Vi{k') Uiik) 



FIG. 1: One-loop diagrams for the neutrino electromagnetic vertex in an electron background, to order 



To order 1/Myy, the one-loop diagrams that are relevant to the calculation of F'' are shown in Fig. ^ Their contri- 
butions are 



^4^' (9) 



e.9 



where 



q = k' — k 



^''^ I 77r^Tr[iS'e(p + g)7,.zS'e(p)7^(ae -)-6e75)] 



is the momentum of the incoming photon, L ^ ~ Ts) ^-nd, in the standard model 



Ge = ^ 2 ^ ^^^^ 
2 



(3.2) 

(3.3) 

(3.4) 
(3.5) 



Using the identity 

-/^LMjf^L = -Tr {M-i^L)-i^L , (3.6) 

which holds for any 4x4 matrix Af , the charge current contribution can be put in the same form as the neutral 
current one, namely 

.2 \ r 



eg 

2M^ 



(3.7) 
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When Eq. H2.13|l is substituted in the above expressions for r[}^'^\ several terms are generated and we want to retain 
only those that, schematically, involve the products StbSq or StSb, i-c, the terms that depend both on B and the 
temperature. Proceeding in this way, we then have 



where 



y(W) ^ _ 



eg 



eg- 



Tr7p [Sq{p')'^^Stb{p) + STsip'^uSaip) 



St{p')1uSb{p) + Sb{p')1uSt{p)] , 



(3.8) 



(3.9) 



rr.(A) 



d^p 



7T7^Tr757^ [Sq{p')ji,Stb{p) + Stb{p')1uSq{p) 
St{p')1uSb{p) + Sb{p')1vSt{p)] , 



and we have defined 



P =p + q- 



(3.10) 
(3.11) 



The vertex function for the electron neutrino is v'^j^^ 
Denoting a given neutrino flavor hy i — e, fj,, r, then the neutrino vertex function is 



( Z) iZ) 

Vi, , while for the other neutrino flavors it is just VI, 
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V4Af2 



w 



where 



Xv 

W 
Xa 



All the four terms in Eq. (|3.9|l involve the traces 

4L« = Tr7^(/ + m)7.GB(p), 
Tr7^Gi3(p')7i.(/J + TO), 



4i(2) 



and analogously in Eq. (|3.1U|I . 



4i^(i) 
4i^(2) 



Tr 757^ (/ + m)^uGB [p , 
Tr757^GB(p')7i^(l^ + 'm) ■ 



(3.12) 



(3.13) 



(3.14) 



(3.15) 



It is useful to observe that LJj j = Ly^ (p' ^ p) and 



K^u^ {p ^ p'). Then, by standard Dirac matrix algebra we 



find 



L^'} = ie^-zs {p-up'"b^ -p-b p"'u^ 



i(2) 



K^]] = p-u [p'^by + b^p'^ -p' -b g^^) - p-b {p'^u^, + u^p'^ - p' ■ u 5^^) - {u^b^ - b^u^) , 
K^i^} = p' • u (jp^,by + bf,py -p-b Qfj,^) -p' -b {pfj,u^ + u^,py - p-u g^^) - vn? {u^b^ - b^u^) . 
Going back to Eqs. (|3.9() and (|3.10l) and using the above formulas for the traces, we obtain 

d^p 



(3.16) 



rj.(V) 



rj.(A) 



4|e|B 



AlelB 



(2^)3 
d^p 



Ve{P-u) 
■iVe{P-u) 



-L^^^S'ip^ - 


- w?) 


L^'}5{p^- 


777^) 


(p + qY - 


77?/ 


[{p + qY - 




-4i^<5'(p2 


— 777^) 


Kj^Jsip'- 


- 777^) 


(p + qY - 


- 777^ 


[{p + qY - 


- 7772]2 



-{q- 
+ iq 



-q) 



(3.17) 
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In arriving at this expression we have used the standard trick of making the change of variables p — » p — g in those 
terms where the factor ?7e(p') appears, together with the properties 







q) 


= -L^^iq- 






->p- 


-q) 


= -L^iq- 


--q), 




^p- 


-q) 


= K^^Jiq^ 


-q), 


k^^Kp- 


^p- 


q) 


= K^^Xq^ 


-q), 



which can be seen by inspection of Eq. H3.16|l . 



IV. STRUCTURE OF THE VERTEX FUNCTION 



In the context of the one loop calculation that we are considering, the conservation of the electron vector current 
implies that the tensors T^'^^ satisfy the transversality relations 

q^Tjy-^ = q^T^Z^ = 0, 

g^T/^) = 0. (4.1) 

It is neither immediately evident nor trivial to prove that the one-loop formulas given in Eq. (|3.17(l satisfy such 
relations but, as we show explicitly in Appendices fXl and IbI they do. Similarly, there we also verify that, in contrast 
to the situation without the magnetic field, in the present case q^T^^^ ^ 0. 

To exploit Eq. iglTl) we introduce the following set of mutually orthogonal vectors 

bfj. = g,_ivV' -p-{q-ubf^-q-bUf_^) , (4.2) 

ifj. = e^j.ai3^u°'b^q^ , 



where 



gp.v = gp.v - ■ (4.3) 

These vectors are transverse to and satisfy the closure relation 
It is useful to note that b^^ and also satisfy 

b-u = i-u = {). (4.5) 



A. The structure of T^If^ 

The transversality of with respect to both indices implies that it can be expanded in terms of the nine bilinear 
products that can be formed out of the set of vectors {u,b,t}. Therefore, we define the following three diagonal 
tensors 



62 ' 
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the three symmetric combinations 



Ufj,bi, + ^ v) , (4.7) 



and the three antisymmetric ones 



^i^f = b^U - {p ^ v) , 
Mt^u = u^Ju - {p ^ v) , 

^3mi> = ^M^!^ - (m ^ i^) ■ (4-8) 
Aifj_^ and ^2^,^ can be expressed in a more convenient form by using the relations 

u„ei_,at3'yU°'b^q'^ - {^1 ^ v) = u^e^^aib^q'^ 

Ke^.o.p-.h'^u^q'^ -ifi^i^)^ bh^.^pu'^q^ , (4.9) 
which follow from contracting the identity 

= (4.10) 

with u^u'^b"q^ in one case, and with b^b'^u"q^ in the other. Therefore, instead of the antisymmetric combinations 
Ai 2, we will use instead 

Api. = if-tj.uapu°'q'^ , 

P2t.u =ie^uci3b''q^ . (4.11) 

Two additional properties of the one- loop formula for T^!^-*, which follow from inspection of Eq. H3.17|l . are: (i) it 
is antisymmetric, and (ii) it transforms as a pseudo-tensor under parity. Out of the set of nine tensors defined above, 
only Pi and P2 share both properties. It is then clear that, to this order, the structure of T^^ ■* is simply 

Tiyj=fr^Pi,.+fpp2,.. (4.12) 

The form factors T^\^ are, in general, functions of the three scalar variables lo, Qh and Q± which are defined by 

LO = q ■ u , 

Q\\ = -q-b, 



Q± - ^JQ^-Q|, (4.13) 

where 

^ \Q\^ = Lu^ - q\ (4.14) 

These variables correspond to the photon energy in the rest frame of the medium and the components of the photon 
momentum Q that are parallel and perpendicular, respectively, to B in this frame. It is important to stress that in 
general, besides cu, the form factors introduced in Eq. (|4.12|) depend on the variables Q± and Qy, separately. This 
contrasts with the situation without the magnetic field, in which case the form factors depend only on w and Q. As 
we will see in Section IVBI this requires some extra care if we want to interpret the form factors in terms of the static 
electromagnetic moments of the neutrino. 

The form factors are determined by contracting both sides of Eq. H3.17|l with the tensors Pi 2 and using the relations 

P| = -2Q'^, (4.15) 
P1P2 = 0, 
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with PiPj = P^'^ Pj^j^ij. In this way, we obtain 



1 ' 

- ( Ti^) + - 



ff) = T^lTr + ^Tr^), (4.16) 



with 



where T^^^-* are the integrals 

L'i^ = ipb + 96)-?'^ + Pu{p -q + q^) - m^qu , 

i^^^ = -phK -{pu + qu)p-q + ni'^qu- (4.18) 
In writing the last equation we have introduced the factor 

K^Puqb-Pbqu, (4-19) 

and used the shorthand notation 

Pu = p-u 

Pb = p-b, (4.20) 

and similarly for g„ and q^. 



B. The structure of T^t^ 

(A) . (A) 

Since Tfj^u satisfies q'^T/lu = but it is not transverse in the index /i, it can in principle contain additional terms 

that are proportional to the tensors q'^i'^, q'^lf , q^v!^ . However, an inspection of Eq. 1)3. 17() reveals that tIw^ is a true 
tensor rather than a pseudo- tensor and therefore the term g^t" cannot be present, and in addition that there is no 
term proportional to 6^6i/, which is a consequence of the calculation being up to linear terms in B. Consequently 
T^^^-* is of the form 

Tl^^ = T\^'^Q^.. + (.9,.. - Q^..) + T^a'^A^,,, + rf ^^a^. + Ti^h^.u, + T^b^\J>, , (4.21) 

where the integral formulas for the form factors are obtained by projecting Eq. (|3.17|) with the tensors that appear 
in this expansion. In this way, the form factors are given by 



where 
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and 



(1 

L 

(2 
L 

(1 
T 

(2 
T 

(1 
,(2 



K 
K 

Kr 
Kr 

K 
K 



K 



(1) 



K 



2pu {K' - qt) + u^K , 

~2puK' - u^K , 

-2ps (K' - qt) + u^K , 

PlK' + pupj) ■ b , 

Pl {K' - qb) + Pu{pu + qu)b ■ b , 

[p ■ q + q^)K' + puK + m^qb 

p-q[K' - qiy) + puK + im?qb , 

PlK + b-b [pu{p -q + q^)- m^qu] , 

PlK + b-b [{pu + qa)p ■ q - m^g„] , 



where K is defined in Eq. (|4.19|l . 

K' ^ u - bpu - ph, 

and, in addition to Eq. H4.20|l . we have used the shorthand notation 

Pl = p-5, 
Pu = p-u. 



(4.24) 



(4.25) 



(4.26) 



In writing Eq. (|4.24() we have used the fact that and 6^ are orthogonal to , as well as the relations u ■ b ~ and 
ii^b-b^P. 



C. Generic formulas 



The integrals involved to evaluate the form factors are of the generic form 

h = (-1 
h = 



^Ve(p) 



(27r)3-"=^"' (p + g)2-m2 
d'^P , . Fiij), q)6{p'^ - m^) 

3 Ve (P) 



(27r 



[{p + qY - m 



212 



(4.27) 



The various form factors differ only in the choice of the functions i^i,2- In ^2, the integration over p^ can be carried 
out trivially, and 



(Pp 



{2'kY2E 



F2{p,q)fe , F2{-p,q)h 



[g2 + 2p-g]2 [q^-2p-qY 



P°=E(\p\) 



where 



Using the relation 



E{j)) = \/ p^ — 



d^5{p^ - nY) = 2p,,5'{p' - m2) , 

the variable p^ can also be integrated out in 1\ by writing 

1 



2p ■ u 



(4.28) 

(4.29) 
(4.30) 

(4.31) 
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followed by an integration by parts. Thus, 



h 



{2nf2E 



1 \ VeFijp, q) 
2p ■ u J {p + q)^ — 

Fl{p,q)fe , 



Fi{~p,q)h 



2p ■ u J + qY — (j> — q)^ — rn? 



(4.32) 



p"=E{\p\) 



In this fashion, we can write down the integral formulas for all the form factors in terms of a pair of three-dimensional 
momentum integrals of the form of Ii,2i with the appropriate choices of the functions F12 that can be read-off directly 
from Eqs. (|4.17|) and (|4.22|l . There are no further manipulations that can be made to the integrals /i^2 that will allow 
us to evaluate the form factors in a general way. However, as we show below, the above formulas are a useful starting 
point to compute explicitly the form factors in various limiting cases. 



APPROXIMATE FORMULAS 



A. Long wavelength limit 

A useful approximation, which is valid in many practical situations, results from taking the so-called long wavelength 
limit. The approximation is valid in the regime in which the photon momentum q <iC {£), where {£) denotes a typical 
average energy of the particles in the background. The method to obtain the approximate formulas in this limit is 
the same that was used in Ref. ?§] and we will therefore omit here some of the details. 

For the remainder of this section we set — (1, 0), so that all the kincmatical variables refer to the medium rest 
frame as usual. Let us consider first 12- The method involves making the substitutions p j?=p in the two terms 
in the integrand of Eq. 14.28|l . respectively, and then making a Taylor expansion in powers of q/E. A useful auxiliary 
formula that is obtained as we have described is 



d^p T{p) 



A" 



d^p (^-^f -f 



(27r)3 [g2 + A2p • g]" 7(271)3 [2Eu-2p-Q)Y 

where = i?(|p|) and A = ±1, and the total derivative on the right-hand side is defined as 

d 



d_ 

dp 



p d 
EdE 



In order to write the resulting formula for I2 concisely, it is useful to define 

-Up^)F2{p,q)±Mp°)F2i-p,q) 



FT{p,q) 



2^0 



(5.1) 



(5.2) 



(5.3) 



P°=E(\p\) 



Then using Eq. 1)5. l|l . the procedure that we have outlined yields 

d^p F2 



Q dF^ 
2 dp 



E^2 



where 



(2^)3 [2Eiu;-v-Q)Y 



P_ 

E 



(5.4) 



(5.5) 



The result for Ii is slightly more involved algebraically, but straightforward to derive also. In analogy with Eq. I|5.3|) 
it is useful to define 



Ftip,q) = 



f,{p^)F^{p,q)±h{p°)F^{-p,q) 



2pO 



F[^{p,q) = 



1 dFtip.q) 
2E dE 



(5.6) 
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in terms of which the long wave Umit formula can be expressed in the form 

' ~ J (27r)3 1 2E{lj ~v-Q) [2E{u; - v ■ Q)]^ 

Since we are concerned only with the real part of the form factors, the singularity of the integrand is to be handled 
by taking the principal value part of the integral, as usual in these circumstances. 

The formulas in Eqs. H5.4|) and H5.7|l are particularly useful for computing explicitly the form factors in various 
limiting cases, as we now illustrate. 




B. Static limit and the neutrino induced charge 

Similarly to the situation in the absence of the magnetic field 0, it is possible to some extent to interpret some 
of the form factors, or certain combinations of them, in terms of electromagnetic moments of the neutrino. In order 
to identify the static electromagnetic moments we have to look at the vertex function in the static limit w — > first, 
and then take the long wavelength limit Q — > 0. It is well known that taking the limit in the reverse order is not 
equivalent, since it represents a different physical condition p^ . 

However, in the present case there is the additional complication that the vertex function, and whence the form 
factors, are not isotropic functions of Q and instead they depend on the components Q\\ and Q± separately. Therefore, 
the Q — > limit can be taken in two different ways, and in general the form factors will have different corresponding 
limit value. In order to keep this clear, we use the notation r^(w, Q±, Qn) to denote the vertex function for any value 
of q, and r^i(0, 0, Q|| 0) or r^(0, Q± 0, 0) for its value in the two limits that we have indicated. We use a similar 
notation for the form factors. 

If we insist in identifying a neutrino induced charge, or some other induced electromagnetic moment for that 
matter, we are thus forced to define two different quantities, corresponding to the two different limits. For example, 
the definition of the neutrino induced charge used in Ref. ^24] for the case of an isotropic medium, must be amended 
as follows 



Jl 



1 



= ^TrL^4'^(0,0,Q||^0), 
= -i-TrL^r^')(0,Qj.^O,0), 



(5.8) 



where k^^ = {E^, k) is the neutrino momentum vector. For illustrative purposes we consider the evaluation specifically 
of the form factors that enter in these two formulas. 



We consider eli^, first, which corresponds to set Q±^ = 0, and then take the limit as Q 



trick, this amounts to evaluating the vertex function for 



I last. As a practical 
(5.9) 



and then take the Q\\ limit. We therefore look at 



4'^(0,0,Q||) = 



(5.10) 



where the form factors are evaluated at uj 
contribution to that quantity given by 



and Q±^ ~ 0. From the above formula for ei^ , Eq. H5.1()|l represents a 



lim 

Qii-o 



{A) 



Tj.'^^k ■ b 



[^=0, Q±=0 



(5.11) 



where k is the neutrino momentum unit vector. 

In order to evaluate T^"^ and t!/^^ in this limit we proceed as follows. First, from Eq. H4.24|l . for q^^ = Qwb'^, 



^(2) ^ ^(1) ^ 2/P|| 



p'Qw 



(5.12) 
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where we have decomposed 



P = P±+P\\b. 



(5.13) 



For the particular kinematic configuration that we are considering, the integrands do not depend exphcitly on P±, 
but only implicitly through E{\p\). Therefore, the derivatives that appear in Eq. (|5.6|l can be rewritten using 



1 d 



d 



2E dE dPl 



(5.14) 



Applying the results given in Eqs. (|5.4|l and (|5.7() . the integral formula for T^'^ becomes 



t1^)(0,0,Q||) = (4|e|i?) j 



d^P±dP» / -l\ d 



f \2Pj dPl 



1-Pii 



d 

m 



ife + h) 



= 

by symmetric integration over P\\ . Similarly, 

-1 



Q 



-{A\e\B) 



fP±dP^_d_ 
(2^)3 dPl 



1 d 



\ 2E^ 2Pu dPi 



E{fe + h) 



(5.15) 



(5.16) 



Putting cPPj^ = TidP^ the integral over the transverse components can be performed trivially, and only the contribu- 
tion from — survives. The remaining integral over P|| can be written in a simple form yielding 



(4|e|B) 



(5.17) 



where 



dp 

2 Jo (2^ 



dE 



{UE)+U{E)) 



E=E(p) 



Using Eqs. H5.15|l and (|5.17|) in Eq. (|5.11|) . we finally obtain 

/ 2 2 (^) " 

II _ / -e 9 Xa 



{k ■ B)U 



(5.18) 



(5.19) 



The integral t\\ cannot be evaluated in closed form for an arbitrary distribution, but for particular cases it is readily 
evaluated. 



1. Non-relativistic classical gas 



For example, in the classical and non-relativistic limit we use 

df, 



dE 

where (3 is the inverse temperature, and obtain 



= -/3/e.e , (5.20) 



2. Degenerate gas 



In this case, neglecting /g. 
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where pp = {Sn^rieY^^ is the Fermi momentum of the electron gas and Ep the corresponding energy. This result 
holds whether the gas is relativistic or not. 

A formula that resembles Eq. (|5.19|l was obtained in Ref. |23|- Although it was not explicitly stated there, upon 
close inspection it becomes clear that the authors of that reference took the Q ^ limit by setting Q± = first, 
and then letting Qn ^ afterwards. Whence their calculation corresponds to the calculation of the quantity that we 

have identified as el. However, our result given in Eq. (|5.19|) differs from the formula that is inferred from the results 
obtained in Ref. [Eqs. (60) and (61)]. In fact, we can reproduce the result of that reference if we use the relation 
given in Eq. H5.2()|l to eliminate the derivatives of the distribution functions in Eq. (jS.lSfl . However, Eq. H5.2()|) is not 
valid for a general Fermi-Dirac distribution, but only for the case of a non-relativistic and classical gas. For other 
cases, the formula for the induced charge obtained in that reference cannot be used. The appropriate formula for a 
degenerate gas is obtained by using Eq. H5.22|l or, for an arbitrary distribution, by using Eq. H5.18|) . 

A particular feature of Eq. H5.19(l , which was first noted in Ref. [23| , is the term k ■ B, which indicates a dependence 
of e!l on the direction of propagation of the neutrino. It is important to keep in mind that this is a kinematic factor 
that arises from taking the matrix element of the vertex function between the neutrino spinors. The observation that 
we have made above regarding the non-uniqueness of the zero momentum limit refers to the dependence of the form 
factors themselves on the variables Q± and (5||, independently of such kinematic terms that may enter in specific 
matrix elements. 

For completeness, we summarize below the results of the calculation of e-^^ which we have carried out following a 
similar procedure. 



C. The induced charge 



For u! — and Q|| = 0, we have 



T, 



(A) 



fj,0 



(r(^)-ri^))&, + ri^V + Tf) 



(5.23) 



Either from the complete formulas given Eq. 14.22|) . or from their long wavelength limit versions, it is easy to deduce 
that 



Tf'(0,Qi,0) = Ti^)(0,Qi,0) = 0, 



(5.24) 



by focusing on the integration over P|| and observing that in both cases the integrand is an odd function of that 
variable in this configuration. A less trivial result, but which follows straightforwardly by using the formulas given in 
Eqs. and (|^ is 



T2^\0, Q± ^ 0, 0) = gi X const . 



Therefore, 



4'^(0,Qi ^0,0) 



lim 



uj=0, Qii=0 



Applying Eqs. (|5.4|) and 15. 7|) once again to evaluate the combination of form factors T^'' — we find 



where 



T's 'iO, Q± ^ 0, 0) - rpiO, Q± ^ 0, 0) = 4\e\Bt± , 



(27r)3 



2E dE \2EdE\ 2E 



E=Em 



and therefore, from Eq. (|5.8|1 . 



(k ■ B)tj 



(5.25) 



(5.26) 



(5.27) 



(5.28) 



(5.29) 
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For the case of a non-relativistic electron gas, Eq. 



t± 



dp 



d 



can be manipulated to yield 

(non-relativistic case) . 



E=E(p) 



which is exactly the same as the integral in Eq. H5.18|l . Therefore in this limit, 

— eL (non-relativistic case) . 



(5.30) 



(5.31) 



The result given in Eq. (|5.3Q(I . and consequently the equality between eE^ and eE^ , is valid whether the gas is classical 
or degenerate, or in fact for any Fermi-Dirac distribution consistent with the non-relativistic limit. For a relativistic 
gas, the integrals t±^ and t\\ are different, and Eq. H5.31|l no longer holds. 



VI. CONCLUSIONS 



In this work we have been concerned with the electromagnetic properties of a neutrino that propagates in a 
magnetized electron background. Our goal has been to determine the neutrino electromagnetic vertex function 
systematically, and in a way that it be useful to study the neutrino processes that may occur in such media, such as 
Cherenkov radiation and plasmon decay. 

Our starting point was to use the electron propagator in the presence of a magnetic field to obtain the one- 
loop formula for the vertex function up to linear terms in the magnetic field. We then decomposed the vertex 
function in terms of the minimal and complete set of tensors, consistent with basic physical requirements such as 
the transversality condition, and obtained the expressions for the form factors in terms of a set of integrals over the 
momentum distribution functions of the background electrons. Simpler approximate formulas that are valid in the 
long wavelength limit, and which are useful for practical calculations of the form factors, were given. 

For illustrative purposes, and to make contact with previous work, the calculation of the form factors that enter in 
the effective neutrino charge was considered in some detail. In connection with this we pointed out that, in contrast 
with the situation in an isotropic medium (i.e., in the absence of the magnetic field), the static form factors do not 
have a unique value in the zero (photon) momentum limit. We stress once more that this is not a mathematical 
ambiguity, but it is actually a physical effect that results from the fact that the medium in the present case is 
essentially anisotropic. Furthermore, it is dynamical effect quite different from the kinematic dependence that the 
matrix elements of the vertex function may have on the direction of propagation of the neutrino. Thus, for the specific 
case of the neutrino induced charge, the two quantities ell and e-^ were introduced and their expressions in terms 
of the form factors were given. As we showed, they have the same value for a non-relativistic gas, but are given by 
different formulas otherwise. In a given application all the form factors are in principle relevant. The same method 
that we have used to evaluate those that are related to the neutrino induced charge, can be used similarly to yield 
the corresponding formulas for all the others. 

In this work we have taken into account only the electrons in the background. While the effects of the nucleons 
are sometimes suppressed due to their mass, it is known that in the presence of a magnetic field their contribution to 
some of the form factors is important. The method and formulas that we have presented here provide a firm basis, 
both conceptual and practical, to take those effects into account as well. They provide a consistent basis to continue 
and extend the investigation of problems in which the electromagnetic properties of the neutrino and its coupling to 
a magnetic field are believed to be important. 
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APPENDIX A: PROOF OF THE TRANSVERSALITY RELATIONS FOR T^' 

We consider in some detail the proof of the relation 

q'T^Z^^^^ (Al) 
where T^Jf"* is given in Eq. (|3.17|l . Since T^lf'' is antisymmetric, this implies that q^T^^^ — also. 
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We write tIiV in the following form 



TiV = (4|e|i?) / 



(27r) 



where 



and 



r(TB) _ / ~4'^S'{p^ - m^) L^^}S{p^ - m^) \ 
" 1 d cP I 



Let us define the quantity 



d = p'^ -m^ 



where 

We now state the following result, which is a purely algebraic identity. Defining 
then 

u/(Ti3) ^ LpXt^g j{T) 

where 9a = d/dp^. We prove Eq. IjASp below but, for the moment, notice that it is all that we need. Observing that 

P^''dxT]{p) = (A9) 
(because dxij oc u\), then from Eqs. ljA2p and ljA8|l we have 



(A2) 

(A3) 

(A4) 

(A5) 

(A6) 
(A7) 

(A8) 



^ 0. 



(AlO) 



Using 



we obtain 



Proof of Eq. SAM 



To prove Eq. (|A8|) . let us consider first its right-hand side, 

dx5{p^ - m^) 



+ (<? ^ -q) 



S'{p'-m^)i2px) 
-2 , 



d2 



■Px 



2.g^APiy + '2guxPii + gfj.xqu + gi^xq^i ~ gtivqx , 



[p^et^^°''^q^pxUabp - {p ■ q)e^xa/3P^u°'^ 



d2 



[p'.e^^'^^'pt.qxuc.bp - [p ■ q)e,xc.pp'\''b^] 



mp' - 

£i^Xat3P U 

+ (g ^ -q) ■ 



b^ 



(All) 



(A12) 



(A13) 



The third term can be rewritten thus, 



^ - ^ -{q^ + 2p-q) 



d (P 
and then combining it with the second term, 

+ iq^ -q) ■ 

This is all we will do with the right-hand side of Eq. l|A8p . 

Now let us consider the left-hand side. From Eq. (|3.16|l . we get 

(7^4i) = ip' ■ u)e^,^pq'^p''b'' - (p' ■ b)e^,^pq'^p''u'' - m^^^^pq^u'^b" 

Using the identity given in Eq. (|4.1U|I . we obtain the following two identities, 

{p ■ u)ef,^a(3q'"b°'p'^ - {p ■ 6)e^^a/3q''uV -|-p2e,,^c./3g^w"6'' = 

-Pu^t.XapP^q^u'^b'^ ~ (p ■ q)tu\al3P^U°'b'^ , 

and 

{p' ■ u)e^,^pq''b^p!' - {p' ■ b)e^,a,pq^u''p'' + p'^^^am^^^bf' = 
-p^e^Xaf^P^'q^u'^b^ - {p' ■ q)e,xo.pP^u"b^ , 

and using them we can rewrite Eq. (|A16p in the form 

= -p^e^xapp'^q^u'^b" - {p ■ q)e,xc.0P^un^ - {p" - m^)e^,a,pq^u''b^ 
I'^L^^} = pWxcfiPy^W^b^ + [p' ■ q)e,xapp'^u"b'' + {p'^- m^)e^,^i3q^u''b^ . 



Therefore, 

q <^ d ^ d2 J w q> 

= J'^P^-"^^^ [-p.e^xa^p^q^u'^b'' - ip • q)e.Aa/3P^u"6'' - (p' - m2)e^,,/3g'^ 
+ ^^'-^"^'^ [ple^x^^p^q^-b^ + ip' ■ q)e,xcpP^u'^bP + (p" - m^)e^,o.m'' 

+ {q^ -q) ■ 

The two terms that contain (p^ — rn^) and (p'^ — m^) combine to give 

i [<5'(p2 - m2)(p2 _ + 5(p2 _ ^2)] ^ ^ 

where we have used the relation 

xS'ix) = -Six) . 

The remaining terms precisely coincide with Eq. (jAlSp . which therefore proves Eq. (|A8|I . 
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APPENDIX B: PROOF OF THE TRANSVERSALITY RELATIONS FOR Tji 



(A) 



The relation 



is proven similarly. From Eq. H3.17(l . 



f T(^) = (4|e|S) 



(2^ 



Ve{p) 



,212 '-'^ ^ 



(p + q)^ — vn? 



(Bl) 



(B2) 



where, from the defining equation Eq. (|3.16() . we obtain 



q^K^^^ = [-{p ■ h){u ■q) + ip- u){h ■ q)] + [-{p ■ b){p' ■ q) - ■ q] + [{p ■ u){p' ■ q) + m^u ■ q] 

2;, „1 , I, \/i „\ , ™2„ 



<fK^^} = V'^ [-{V ■ h){u ■q) + {p- u)ib ■ q)] + [-{p' ■ b){p ■ q) - w?b ■q]+b^ [{p' ■ u){p ■ q) + w?u ■ q] . (B3) 



Then, in analogy with Eq. (|A5|) , we define 



d 



(B4) 



and by straightforward calculation of d\J^i, it follows that 



q J^^v ci I 2 2\ I y '-^y-v c/ 2 2\ 

-^6 [p - m ) H — ™ ^ 



'(2) 



-S{p'^ — m^) 



d2 



(B5) 



In Eq. IjBSp we have defined 



Y„ 



b,,{u-p) - Uf,{b-p) 
u^,{b-q)-b^{u-q), 



(B6) 



and to arrive at the last equality we have used the relation of Eq. ljA22p once more. Thus, using Eq. (|B5p in Eq. (|B2|I . 



VeippZ^ - (<Z -> -q) 



0. 



(B7) 



(12). 

On the other hand, by separating the tensors K/^J into their symmetric and antisymmetric parts, it is easy to 
show that 



(2^ 



Ve{p) 



d2 



+ {q^ -q) 



(B8) 



(A) 

which explicitly verifies that, as expected, T^jy is not transverse with respect to its first index. In this respect, 

(A) 

the tensor T^,y , calculated in the presence of the magnetic field as we re doing here, differs from the corresponding 
quantity calculated without the magnetic field, in which case it is transverse in the first index as well. 
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